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Abstract 

In [7] the author constructed a multiphcative Borcherds hft for indefinite unitary groups 
U(l,?7,). In the present paper the case of U(l, 1) is examined in greater detail. The 
lifting in this case takes weakly holomorphic elliptic modular forms of weight zero as 
inputs and lifts them to meromorphic modular forms for U(l, 1), on the usual complex 
upper half-plane H. In this setting, the Weyl-chambers can be described very explicitly 
and the associated Weyl-vectors can also be calculated. This is carried out in detail for 
weakly holomorphic modular forms with g-expansions of the form g~" + (9(g), n > 0, and 
for a constant function, which together span the input space, A^Q(r). The general case 
for the lifting of an arbitrary / G A^5(r) comes by as a corollary. The lifted functions 
take their zeros and poles along Heegner divisors, which consist of CM-points in H. We 
find that their CM-order can to some extent be prescribed. 2010 Mathematics Subject 
Classification: 11F27, 11F41, 11F55, 11G18, 14G35. 

Key words and phrases: Borcherds product, unitary modular form, Heegner divisor, CM 
point, unitary modular variety 

1 Introduction and statement of results 

In his seminal paper , Borcherds constructed a multiplicative lifting from weakly holo- 
morphic modular forms transforming under a Weil-representation of SL2(Z) to mero- 
morphic automorphic forms for indefinite orthogonal groups of signature (2,p), p > 2, 
which have infinite product expansion and whose zeros and poles lie along certain arith- 
metic cycles, called Heegner- divisors. In [7] this construction is transferred to uni- 
tary groups of signature (1,"^.) via an embedding of U(l,n) into the orthogonal group 
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0(2, 2r;,). The Borcherds products in [7], just as in [T], come with a term involving 
a Weyl-vector, which often remains difficult to determine in practice. It relates to a 
Lorentzian quadratic subspace of the underlying rational space. Borcherds' lifting has 
been generalized by Bruinier in [3]. If / is a weakly holomorphic modular form, then, 
one of Bruinier's results implies that that the Weyl-chambers and Weyl-vectors related 
to / have decompositions ruled by the principal part in the Fourier expansion of / (see 
[3], p. 88). 

In the present paper, we focus on the case U(l, 1). The results of Bruinier afford a 
method to calculate explicitly the Weyl-chambers and Weyl-vectors involved. Note that 
the additive lift to S0(1, 1), which determines the Weyl-vector in this case is not entirely 
covered in [3J. In contrast, the main result of [7j, theorem 8.1, does apply to U(l,l), 
however, some useful simplifications can made in this case. 

The input functions here are weakly holomorphic modular forms of weight zero for the 
elliptic modular group F = SL2(Z). While Bruinier uses non- holomorphic Poincare series 
as inputs, we consider the lift of the uniquely defined weakly holomorphic modular forms 
jn with g-expansion + 0{q), for n G Z>o. These forms (together with a constant) 
span the space A^o(F). We introduce non-holomorphic Poincare series Fm, for m G Z, 
m < 0, in section [2] and recall the relationship between the families and j„. 

In sections [3] and S] we briefly describe the setting for the later sections and for the 
application of the results from [7], sections 4 and 8: First, in section [3] we recall the 
construction for the symmetric domain of the unitary group. For U(l,l), it can be 
realized as the usual complex upper-half plane H = {r G C ; Q'r > 0}, as follows. Let 
F = Q(v^) be an imaginary quadratic number field, Vp a two-dimensional hermitian 
space over F with a non-degenerate indefinite hermitian form (-, ■), and L a hermitian 
lattice in Vf, given by L = 0^ © 1^^^, where Op is the ring of integers in Vf and V^^ 
the inverse different ideal. This lattice, L, is even and unimodular. 

The symmetric domain for U(y)(M) ~ U(l, 1) is isomorphic to the cone of positive 
definite one- dimensional subspaces in P^(C), denoted /Cu. We take a fixed choice of two 
lattice vectors of zero norm £ and i' with {£, f) ^ and i primitive. Then, EI is identified 
with /Cu by assigning to each r G HI a unique representative z = i' — t6{£',£)£, with 
[z] G /Cu. 

Note also that the special unitary group SU(1, 1) is isomorphic to SL2(IR), and, in 
particular, for the arithmetic subgroup SU(L), we have SU(L) ~ SL2(Z). 

In section m we recall the construction of the tube domain model Hq of the symmetric 
domain for the indefinite special orthogonal group SO (2, 2), since Borcherds' lifting takes 
inputs from MIq{T) to automorphic forms for this group. In the present case, Ho can 
be identified with a product of two upper half-planes Hq ~ EI x H. In this section, 
we consider L as a Z-module with the bilinear form (-, ■) := Trir/Q(-, ■). We denote by 
Vq the Q- vector space underlying V^, as a rational quadratic space of signature (2,2), 
with (•, •) extended to a Q- valued bilinear form. Also, in this section, we introduce the 
Lorentzian Z-sublattice K c:^'!?, which will be studied further in sections [6]- [91 

This identification between Vq and the rational space underlying Vf results in an 
embedding of U(\^) into SO(l^), described in section |5l It represents a special case of the 
embeddings studied in |6j chapter 3 and [7] section 4. In the present situation, through 



2 



the identification I-Lq ^ EI x H, the embedding can be written simply as HI )■ EI x H, 
r i-> (r, —C,)i where is a generator of as a Z- module, either \fd or depending 
on whether the discriminant of F is even or odd. (Here, \fd is always defined using the 
principal branch of the complex square root.) 

The Weyl-vectors we want to calculate arise as follows: To each input function / G 
A^5(r) one associates connected components of the symmetric domain for the special or- 
thogonal group S0(-ft'®2lR) of the Lorentzian space K®iM., called Weyl-chambers. Note 
that the symmetric domain can be realized as a quadrant C+ = {Y = {yi, 1/2) ; l/i, I/2 > 0} 
of the y-plane K^z^- For each Weyl-chamber W the (additive) lifting to S0(-ft'(8)zM), 
denoted $^(F; /), has an expansion adapted to this Weyl-chamber, $^(F; /, W). The 
Weyl-vector p(/; W) G -ft' M is then defined through 

$^(F; /, W) = Sv^vr p(/; W)^ . 

In section[6l starting with an integral expression from [3], for the lift of a non-holomorphic 
Poincare series, we obtain an expansion for $^(y) := ^^{Y]Fm)- In the following 
section [71 we examine the Weyl-chambers for Fm- They can easily be listed using the 
divisors of \m\, as they take the form 

W{U,t,^,) = (r G C+ ; <yi< ^1/2 j , 

1^ \m\ \m\ ) 

where ti is either or a positive divisor of |m| and tj+i is the next largest element in the 
set {0} U {t G Z>o ; t \ |m|} U {00}, with the usual ordering for integers, with smallest, 
and with 00 largest. 

Through the embedding of EI into "Ho, these Weyl-chambers are used to define Weyl- 
chambers in EI, on p.[T2]and in (fT4|) below. Next, in section[8]we determine the expansion 
$^(y) of the additive lift specific to each Weyl-chamber and from this the Weyl-vector 
PmiW) ofF^. 

Next, in section [9l we calculate the Weyl-vectors for the j„. Since jn(T) = -Fm(l, t) — 
6m(0, 1), for m = —n, with a constant bm{0, 1), we need to find the Weyl-vector of a 
constant. To this aim, we determine the multiplicative Borcherds lift to S0(2, 2) of the 
constant function / = 1. It turns out to be equal to 77(^1)77(^2), where (zi, Z2) = Z E Hq. 
From the product expansion the Weyl-vector attached to / = 1 comes out as ^(1, 1). 
Also, through pull-back under the embedding EI "Ho from section |5l we immediately 
get the Borcherds product S(r; 1) for U(L) on EI, which is given by S(r; 1) = i]{T)r]{—(). 

Now, for the Weyl-vector attached to j„, p{jn', W), we find 

pijn;W) = pmiW) - po^rn, with Po^rn = Cri\m\) ■ (l, 1) , 

where m = —n and cT(|m|) denotes the divisor sum ^^||^| d. 

With this result, we can once more focus on U(l, 1). In section [TOl we study Heegner 
divisors: They are given by locally finite sums of codimension-one sub-manifolds of the 
symmetric domain, defined through the complement of negative norm lattice vectors. 
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These U(L)-invariant divisors are preimages under the canonical projection of divisors on 
the modular variety U(L)\EI. Contrastingly to higher dimensions, the Heegner divisors 
on H consist only of discrete points. For a lattice vector A of norm m, m < 0, a primitive 
Heegner-point tx of index m is defined as the point in EI with the attached representative 
z{t\) in the complement of A. Note that t\ is F-rational and a CM-point, the CM-order 
of which can be determined explicitly, its conductor turns out to be |m|, or a divisor of 
\m\, which can be determined explicitly. 

Finally, section [TT] contains our main result: Borcherds products for jn{'^), n > 0, and, 
as a corollary, for arbitrary input functions / G A^Q(r). This result follows from the 
author's more general main theorem 8.1 in [7j, together with the explicit calculation of 
Weyl-vectors and Heegner divisors. Also, in the present setting, we can write the lifting 
of function S(r;j„) depending only on r G H, and neither on the particular 

identification of EI with a subset /Cu of the projective space, nor on the specific choice 
of basis vectors for the lattice L: 

Theorem 1.1. Let jn = + J2m>o'^i''^)^"^ 

G A^o(r). Then, there is a meromorphic 
function on the complex upper half-plane EI, the Borcherds lift of jn, with the 

following properties 

1. '^{r^jn) is a meromorphic modular form of weight for U(L) with a multiplier 
system of (at most) finite order. 

2. The zeros and poles of'E.{jn) lie along the following divisor 

div(S(j„)) = i 

AeL 

(A,A)=-n 

where [r^] denotes the \J{L)-orbit of the primitive Heegner divisor r^. 

3. For each Weyl-chamber W , '^{jn) has an infinite product expansion. For W = 
W(ti,ti+i) it takes the form 



l{r;jn,W{t,,t,+,))=Ce{p2T-Cpi) H (l-e(/r-fcC)) 



c{kl) 



{l,k)eK 
nl>-ktf 



where the components pi and p2 of the Weyl-vector are given by 

Pi = - 5Z ^' p^ = - J2 T 

t\n 

t>U+i 0<t<U 

The product converges absolutely off the set of poles in an upper half-plane \5\Qt > 
2n. 
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2 Non-holomorphic Poincare series and a basis for 

■Mo(r) 

Let r = SL2(Z). The input functions for the Borcherds hft are weakly holomorphic 
modular forms of weight zero for F. As usual, we denote the space of such functions by 
A^o(r). A basis of A^Q(r) is given by the family of modular forms with principal part 
g~" and constant term 0, j„ = 9"" + 0{q), for n = 1, 2, . . . . For example, the modular 
invariant j is equal to ji + 744. 

In the present paper, we want to determine the Borcherds lift to U(l, 1) for these 
basis elements. Our approach here is partly based on the work of Bruinier in [3], where 
weakly holomorphic modular forms are represented through non-holomorphic Poincare 
series of negative weight. 

We define non-holomorphic Ponicare series as in section 2: Let m be a negative 
integer. Let Iu{z) be the usual modified Bessel function. For s G C and y E M. \ {0}, 
write 

Uy) = ^^is^i/2{\y\) for yeR\{0}. 

Then, for t E M., s E C, the non-holomorphic Poincare series of index m, Fm{T,s), is 
given by 

FUr,s)= J2 2:.(27^|m|^3(7r))e(-|m|^^(7r)), 

7eroo\r 

where Fqo = {( o i ) ! ^ ^ usual. 

Now, Fm relates to j„ for n = \m\ as follows (cf. [4J, prop. 2.2, thm. 2.3): 

Fm{T,l) = j\m\+bm{0,l), with 

6^(0,1) = 24a(|m|), 

where cr(|m|) denotes the divisor sum o"(|m|) = J2d\\m\ ^■ 

Thus, in determining the Weyl- vector for the lift of j\m\i with the methods of we 
must correct for the contribution of the constant 6m(0, 1). The required correction term 
is calculated in section [H] below. 

Remark 2.1. Note that the Poincare series -Fm(0, 1) from ^ as used here differ from 
the corresponding Poincare series in 1^1 by a factor of ^. 

3 The upper half-plane as a symmetric domain for 

U(l,l) 

Let d he a. square-free negative integer. Consider the imaginary quadratic number field 
F = Q{\/d). Denote by the discriminant of F, and by 6 its square root, where by the 
square root we always mean the principal branch of the complex square root. If c? = 1 
(mod 4), we have = d, otherwise, = Ad. 
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Let (9f be the ring of integers in F. We write Of in the form Of = Z + ^Z, with C, 
given by 




\6 if Df = (mod 2) 

+ if Df^I (mod 2). 



Denote by V^^ the inverse different ideal, the Z-dual of Of with respect to the trace 
TrjF/Q. As a fractional ideal, V^^ = 6~^Of. 

Let L be the Op-niodule Of © 'Pp ^, generated by 1 and 6^^. On L, introduce a non- 
degenerate indefinite hermitian form (■,■), linear in its left, and conjugate linear in its 
right argument, 

(A, A') = AiA^ + A2A;, with Ai, a; g Of, A2, A2 G 

Denote by Vf the two dimensional hermitian space over ¥ given by L ©0^. F ^ and 
by Vf(C) the two dimensional complex hermitian space Vf{C) = Vf ^f C = L (^^p C, 
equipped with the hermitian forms obtained from (-, ■) by extension of scalars to F and 
C, respectively. 

L is a hermitian lattice in Vp, i.e. an Of submodule of full rank with the hermitian 
form (-, ■). It is an integer lattice, since (A,/x) G V^^ for all A, G L. Also, L is even, 
since (A, A) G Z for all A G L. Furthermore, L is unimodular: The dual lattice of L, is 
defined as 

L' = [veVf] (A, v) G Pf ^ for all A G L} . 

Clearly, L = L'. 

The unitary group U(V^) is the group of endomorphisms of Vf preserving the hermitian 
form; its set of real points, U(y)(M), is the unitary group of Vf{C), isomorphic to U(l, 1). 
The group of isometrics of L is an arithmetic subgroup denoted U(L). 

Denote by F\Vf){C) ~ P^C the projective space of V"f(C) and by vri : Vf{C) 
P^(Vf)(C) the canonical projection. A projective model for the symmetric domain of 
U(V)(M) is given by the following positive cone 

/Cu = {H; (i;,t;)>0}cPi(\/F)(C). 

An affine model can be realized as the complex upper half-plane H = {r G C ; Q'(t) > 0}. 
A biholomorphic map between EI and /Cu is constructed as follows (cf. [7], section 2): 

Choose an isotropic lattice- vector i E L, i.e. with {i, i) = and a second vector 
i' G L, also isotropic, with 7^ 0. The isotropic line ¥i corresponds to a cusp of the 

symmetric domain. For each [v] in /Cu we fix a (unique) representative z of the form 

z{t) =e - r6{i', i)i G n^\}Cu). (1) 

Then, by the positivity condition {z, z) > 0, we have > 0, thus r G H. Conversely, for 
each r G EI there is a 2; = z{t) of the above form with 7Ti{Cz) G JCy. The unitary group 
U(y)(M) operates on HI by fractional linear transformations. With matrix representation 
for the basis vectors i, this operation is given by 
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The special unitary group SU(\^)(M) is isomorphic to the special linear group SL2(M) 
via 

SL.(R) 3 (: ^) e svivm. 

Note that since e G T)^^, the arithmetic subgroup SU(L) is isomorphic to SL2(Z). In 
particular, if = 6~^, the isomorphism reduces to the identity. 

4 The lattice L as a quadratic module 

As a Z-module, the lattice L, introduced in the previous section, is isomorphic to Z^, 
namely 

L ~ Z © © 6~^Z © 5-\Z ~ Z^ 

with 6 and C as above. We introduce a non-degenerate indefinite Z-valued bilinear form 
on L, (-, ■) := Tr]F/Q(-, ■). Hence, L acquires the structure of a quadratic Z-module, with 
the quadratic form 

g(A) := i(A, A) = (A, A) for all A G L. 

As such, L is even, since g(A) G 2Z, for all A G L, and also unimodular. The signature 
of L is (2,2). We decompose L as a direct sum of two hyperbolic planes over Z, by 
choosing lattice vectors 61,62,63,64 G L, with 61 and 63 primitive, such that 

L = (Z61 © Z62) © (Z63 © Z64) 

and satisfying the following properties: 

(6i,6i)=0, Z = l,...,4 

(6„6,) = 1, for {^,j} = {l,2},{3,4} (3) 
(6j, 6j) = 0, otherwise. 

(For a particular choice of these vectors see ([6]) in section [5] below.) Consider the rational 
quadratic space Vq = L ©^ Q and the real quadratic space Vq(]R) = Vq ©q M, with (-, ■) 
extended in either case to a bilinear form on the respective space, Q- or M-valued. If 
we consider Vp = L ©Oj, F as a vector space over Q, it is isomorphic to Vq. Similarly, 
Vq(M) is the four-dimensional real vector space underlying the complex space Vw{C), 
with (-,■) = 23fJ(.,.). 

Let K = Lnej; r\e2 ■ Then, K is a. Z-submodule of L. The subspace i^'©aM of Vq(M) 
with the restriction of (■,■) is a Lorentzian quadratic space, with signature (1,1). We 
introduce the following notation: For x E K write x = (xi, 0:2) = 0:163 -|- X264. 

Denote by SO(y) the special orthogonal group of Vq and its set of real points as 
SO(y)(M) ~ SO(2,2). We recall some basic facts concerning the symmetric domain 
for the operation of SO(V^)(M), for details, see [3] pp. 78f. A model for the symmetric 
domain is given by the Grassmannian of two-dimensional positive definite subspaces of 
Vq(M), which we denote by Gro. 



7 



Another, affine, model is the tube domain model Hoi which is realized as follows. 
Denote by Vq(C) the complex four- dimensional quadratic space Vq(C) = Vq(M) ®^ C, 
with (-, ■) extended to a non-degenerate, indefinite C- valued bilinear form. 

The tube domain model T-Lq is one of the two connected components of the following 
subset of ®z C 

{Z = X + iY-X,Y &K®^% q{Y) > 0} = -Ho U 

Denote by C+ the set of F = (?/i,?/2) G (S)^ M, with ?/i,?/2 > 0. We fix "Ho as the 
component for which F G C+. Thus, "Ho is isomorphic to two copies of the complex 
upper-half plane 

"Ho - H X e, {zi, Z2) = 2:163 + 2264 ^ (zi, Z2). (4) 

Denote by 712 the canonical projection 7^2 : Vq(C) — )■ P^(Vq)(C) ~ P^C. The tube 
domain can be mapped biholomorphically to any one of the two connected components 
of a positive cone in P^(Vq)(C) given by 

{[Zl];ZI = 0, {Zl,Z^)>0}. 

We fix this component and denote it by /Cq- For each [Z^], there is a unique represen- 
tative Zl of the form 

Zl = -q{Z) ei + 62 + Z, with Z = zie^ + Z2e4 e Ho- (5) 

Conversely, to each Z E T-Lq we can associate a unique Zl G 112^ (ICq). 

Finally, every Zl as in ([5]) can be written in the form Zl = Xl + iYl-, with Xl-, 
Yl € Vq(R) perpendicular vectors of equal norm, with X| = Y^ = Y^ > 0. The positive 
definite two-dimensional (real) subspace of Vq(R) generated by Xl and Yl, corresponds 
to a point in the Grassmannian model Gro- 

5 Embedding of M into the tube domain 

Since Vp is both a hermitian space over F and, as a Q-vector space, a quadratic space, 
with the bilinear form (•, •) obtained from the hermitian form (•, •), the unitary group 
U(y) embeds into the special orthogonal group SO(V^). Similarly, U(L) is embedded 
into SO(L). 

From this, in turn, one obtains an embedding of the respective symmetric domains. 
Such an embedding is constructed in [7] sec. 4, and p], ch. 3 in a rather more general 
setting. In the present case, where the signature of Vq as a quadratic space is (2, 2), this 
embedding is readily described. 

As in [7J , we introduce the following notation: For a complex scalar /i G C \ M, we 
denote by fi the endomorphism of Vq(M) induced from scalar multiplication with fi in 
the complex hermitian space Vf(C). 
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Now, fix a basis for L 



ei 



63 = -C^, 62 



of the form ([3]) by setting 

c 



64 



(6) 



With the identification I-Lq ~ EI x HI from (jj]), we define an embedding of H into l-io as 
follows 

H — ^ H X e = 

(7) 

where (r, —() = re^ — ^64, with the notation from section H] above. Clearly, this embed- 
ding is biholomorphic. 

Recall that H is biholomorphically mapped to the projective cone model /Cu through 
the association to r of a unique z of the form ([1]) with [z] G /Cu and, similarly Hq is bi- 
holomorphically mapped to a component, ICq, of a projective cone, via Z 1— t- [Zl]. Thus, 
the embedding of EI into T-Lq induces a biholomorphic mapping between the projective 
cone models /Cu and /Co, as illustrated by the following diagram: 



[z] e /Cu^ 



Cz C 7rr'(/Cu)^ 



}Co 3 [Zl] 



7r2 



n^\lCo) D CZl 



T e ^ mxm^no3 z 

Explicitly, if [Zi] is the image of [z], the induced mapping between the representatives 
z and Zl, normalized according to ([T]) and ([5]), respectively, is given by 

z = e'- T6{e, £)£ ^Zl = Crei +62 + reg - (e^. (8) 

The real and imaginary parts of Zl may also be written as 

= {wj)) ""^ = ~ (^) 

see [7], section 4. In the present case, this is readily verified from ([7]) using (|6]). 

6 The additive lifting to to SO{K ^z^) 

In this section, we begin to calculate an additive lift to the special orthogonal group 
S0(iir(8)zM) of the Lorentzian space K ^^M.. Ultimately, this will allow as to determine 
the Weyl-vector which appears in the Borcherds product expansion of the multiplicative 
lift. 

The symmetric domain of SO{K ®z is most readily described as a hyperboloid 
model, cf. [3], p. 66: 

Ck = {v eK^^^-v"^ = 1, {v, e) > 0}, 
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where e is fixed primitive isotropic lattice vector from K. We set e = 63. 

Now, for Z = X + iY & Hq, the imaginary part Y is contained in K^iW and satisfies 
= 2/1 ■ 2/2 > 0, and furtlier, by construction, yi, y2 > 0. Tlius, corresponds to a 
point V in tlie liyperboloid model. 

Denote by tlie additive lift to SO{K ®z M) of the non-holomorphic Poincare 

series Fm- It is given by the following expression, according to [3j, p. 56, where 6_) = 
(1, 1) is the signature of see remark [2?T] for the additional factor of |: 



^K, , 12(4ir|m|)-''/2 



V / M_fe/2,._i/2(47r|m|i/)2/^'/^+^''/^-2gxp(-47r2/g(A,) + 27iym) dy, 



(9) 



Ae/3+iC 



where Mj,^^ denotes the M-Whittaker function, as defined in [9j, p. 190, and A^, denotes 
the projection of A to Mv for v E Ck- 

In the present case, the signature of K ®z 1^ is (1,1), hence 6+ = 6_ = 1, / = 2 and 
k = 1—1/2 = 0. The regularized lifting is obtained by evaluating (|9])atso = l — A;/2 = l. 
Since K is unimodular, summation in extends over all X E K, with g(A) = m. 

Hence, the integral takes a much simpler form, which can be evaluated directly: 

^"Mo,i/2(47r|m|y)|/-3/V^-?^'?(^")-2-?'IHt/y = 47r (^^(A.) + \m\ - ^M>^) . (10) 

Remark 6.1. In fact, in J^, p. 56 the integral is evaluated using a formula for the 
Laplace transform of the Whittaker function from p. 215. Unfortunately, the formula 
given there is wrong for the particular combination of parameters needed here, so that 
the result in ^3], while correct in the other cases, does not apply if (6_|_, 6_) = (1, 1). 

Now, the expression for $^ can easily be rewritten in terms of Y , with v = For 
the lattice vectors A occurring in the sum, the projection to is given by 

(A,y)y nj— |(A,y)| 

Also, we have 

g(A) = g(A^) + g(A^x) = m < 0, 

where A^± denotes the projection to the orthogonal complement . Since K ®z K is 
2-dimensional, for the complement, it suffices to choose one vector Y' perpendicular to 
Y . For Y = (?/i,?/2), we set Y' := {yi, —1/2), so that \Y'\ = \Y\. 
Thus, for $^(F), we have, from by way of (ITU]) : 

*-^^) = ^^ E (i(A,ni-i(A,r)i) 



V2\Y\ 

2V27T 

\Y\ 



xeK 



^ (|-Aiy2 + A2I/1I - lAi^/a + A2I/1I) . 
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Write A in the form (t, y), with t an integer dividing m. Then 

2V2' 



^l{y) = -T^ E + -yi\- \ty2 + -y 

m 

E/ m m 

(\-ty2 + —yi\ - \ty2 + —yi 



tez 

t\m 

4v^7r 

in 



where, in the second hne, only one of the two vectors A and —A occurs in the sum. 

Remark. The convention adopted here, concerning the signs of Ai and A2 differs from 
that in JE/, chapter 5. Also, there, the additive lift is calculated for a different Poincare 
series, see remark IKT\ 



7 Weyl-chambers of (g)z M 

In the context of Borcherds' theory, Weyl-chambers are connected components of the 
symmetric domain, to each of which we can associate a different Borcherds product 
expansion, with different Weyl- vectors. In fact, the Weyl-chambers are related most 
closely to the negative norm vectors occurring in the expansion f llip of the 'wall-crossing 
term' 



Weyl-chambers in Ck For the following cf. [3], ch. 3.1. Let k G K he a lattice vector of 
negative norm. Denote the orthogonal complement of k in K^^M. by k-*". It corresponds 
to a sub-manifold of Ck of codimension 1, and hence to a line in the F-plane. This is an 
example for a Heegner- divisor. More generally, see [3], Heegner- divisors can be defined 
as locally finite unions of codimension one sub-manifolds. 

A Heegner divisor of index m is a locally finite union of co-dimension one sub-manifolds 
of Ck. 

H{m) = [j A^. 

q{X)=ra 

The Weyl-chambers of index m are defined as the connected components of 

CK-H{m). 

Also, finite intersections of Weyl-chambers in Ck are again called Weyl-chambers. 

For the Borcherds lift of j„; or? for that matter, Bruinier's extended Borcherds-lift of 
Fmi it suffices to consider the Weyl-chambers of index m = —n. 

More generally, for an input function / G A^Q(r), with principal part ^m<o 
one considers Weyl-chambers given by the connected components of 

Ck- U H{m). 

m£Z,m<0 
c(m)^0 
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Under the identification of Ck with C+, the quadrant of the F-plane where ?/2 > 0, the 
Weyl-chambers become subsets of C+, bounded by hues perpendicular to lattice vectors 
in K of negative norm. 



Weyl-chambers in T-Lq and HI Let ly be a Weyl-chamber in Ck — C+ of index m, 
m G Z<o- Then, the set of Z = X + iY E Tio, with Y contained in W, is called a 
Weyl-chamber in Ho, of index m, and also denoted by W. 

Finally, Weyl-chambers in EI are defined through the embedding ([7j) of HI into Ho'- 
Let W C "Ho be a Weyl-chamber. The set of r, whose image, res — (e^, is contained in 
W, is called a Weyl-chamber of H, also denoted as W. Hence, for W a Weyl-chamber 
in C+, a Weyl-chamber HI is given by 

W := {t = u + iv eM; {v,l\6\) e W C C+} . (12) 



Explicit description in C+ For m a fixed negative integer, we describe the Weyl- 
chambers of index m more explicitly. 

For X e K with g(A) = m, write A = {t, with t e Z, t \ m. Since A"^ = (-A)-^, 
it suffices to consider t > 0. The Heegner-divisor (iA)-*" corresponds to the line in C+ 
spanned by (t, -i^). 

Thus, the Weyl-chambers of index m are given by the subsets of C+ bounded by such 
lines, as t runs through the positive divisors of |m|, and by the boundary components 
of C+, the yi- and ?/2-axis. Denote by the number of positive divisors of \m\ and 

arrange these divisors by size: 

1 = ti <t2 < ■ ■ ■ < td(\m\) = 

Formally, include to = and oo, with < ti and ti < oo, for all 1 < i < (i(|m|). Then, 
the Weyl-chambers of index m are given by precisely the following subsets of C+: 

W{t„ ti+,) := \y G C+; ^y2 < yi < ^^2) , for z = 1, . . . , d{m), 

I J (13) 

WiO, 1) := {Y E C+; < |m|- V}, W^(|m|, 00) := {Y E C+; \m\y2 < yi}, 

where W{0, 1) and iy(|m|, 00) are bounded by the Heegner divisor (1, |m|) and the yi- 
axis, and by {\m\, 1) and the ?/2-axis, respectively. Note that passing through increasing 
ti, the Weyl-chambers are traversed in clockwise orientation. 

Remark 7.1. In C+ there are d{\m\) + 1 Weyl-chambers of index \m\. These come in 
mirror- symmetric pairs, with, if \m\ is not a perfect square, the exception of a middle 
Weyl-chamber containing the diagonal. Reflection along the diagonal takes W{0, 1) to 
W{\m\, oo) and, generally, W(ti,ti+i) to W(td(\m\)-i,td{\m\)+i-i) ■ If \M a square, the 
diagonal is given by a Heegner-divisor as ^J\m\ E Z>o. Otherwise, the diagonal is 
contained in a 'middle' Weyl-chamber, W^(tj,tj+i), with i = d{\m\)/2, which is mirror- 
symmetric to itself. 
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Explicit description in H From f lT2|) . we see that Weyl-chambers are strip-shaped 
regions of the upper-half plane, bounded by lines parallel to the real axis. For the 
Weyl-chamber W{ti,ti^i) in the corresponding Weyl chamber in H is given by 

WiU,U^^) = !rEM;hs\^<QT<l\S\p^\, (14) 
[ 2 \m\ 2 \m\ J 

for z = 0, 1 . . . , d{m). The 'topmost' Weyl-chamber, iy(|m|, oo) is the half-plane given 
by 2'^T > \5\\m\. 



8 <|)^(y; W) and the Weyl-vector pm{W) 

Now, let W he a. Weyl-chamber of index m and A G -ft' a lattice vector with norm m. 
Then, (A, Y) is non-zero for all Y G W, and thus has constant sign on W. We introduce 
the following notation: If (A, Y) > for all Y e W, we write (A, W) > and, similarly, 
(A, W)<Oif (A, Y)<0 for all Y eW. 

Since Y G C+, and thus yi,y2 > 0, the expression from (fTTj) takes the form 

:^z^,^, ,,,, 4:\/2n / \ - / m m 

^^{Y; w) = -j— ( Yl [^y^ - jy^ - ^y^ - jy^ 

t\m 

{{t,m/t),W)>0 



E/ m m 

(ty2 -—yi+ty2 + —Vi 

t\m 

{{t,m/t),W)<0 



\Y\ 



t\m t\m 
{(t,m/t),W)>0 i{t,m/t),W)<0 



Note that, since m/t < and F G C+, we have (A, Y') < for all Y'. For Weyl chambers 
iy(tj,ti+i), as introduced in f[T5]) above, with (tj,ti+i) either (0,1). (|m|,oo) or ti, tj+i 
two successive divisors of |m|, the summation can be made more explicit: 
For A G -ft' of the form (t, y), with t a positive divisor of \m\, we have 



sign|^A, (ti. 



+1 


if 


t > ti, 





if 


t tj. 


-1 


if 


t < ti. 



It follows that (A, W(ti,ti+i)) > if t > ti+i, whereas (A, W(ti,ti+i)) < 0, if t < ti. 

In particular, for the 'outermost' Weyl-chambers W{0, 1) and iy(|m|, oo), the sign is 
fixed for all A of the above form, i.e. (A, W{0, 1)) > and (A, W{\m\, oo)) < 0. 
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Thus, for $^(1"; W) we get 



In particular, 



$^(r;W(0,l)) 



8^2- 



TT 



8V2TT 

\Y\ 



( 



\ 



—1/1+ 2^ ty2 



t\m 
\t>U+i 



t\m . 

0<t<ti / 



\Y\ 



ai^lVu $^(F;Ty(|m|,oo)) 



8y27r 
~\Y\ 



■ Cr\m\y2- 



The Weyl-vector The Weyl vector pm{W) attached to a Weyl-chamber W is defined 
through the following equation (cf. pQ, section 10, or [3], p. 69): 



Hence, from (fTSjl . we have 

Pm{W) 



E + E 

tez>o tez>o 

t\m t\m 
iit,m/t),W)<0 {{t,m/t),W)>0 



-64. 



In particular, for = W{ti,ti+i), we get the expression 

Pm{W{ti,ti+i)) = tes + E -^64. 



t\m 
0<t<ti 



t\m 



(16) 



9 The Weyl-vectors for jn 

In the previous sections, we have calculated the Weyl-vectors for the lifting of the non- 
holomorphic Poincare series F^, for m G Z, m < 0. As we want to determine the 
Borcherds lift oi jn, n > 0, for the Weyl-vectors, we must correct for the fact that for 
n = \m\, in{T) = Fm{T, 1) — bm{0, 1). The lifting is additive in the Weyl-vector, hence 
we need only find the Weyl-vector of the constant &m(0, 1). To this aim, we calculate the 
Borcherds product ^E'l(2'; 1), on SO(2,2), for the lift of the constant function / = 1 G 
A^Q(r). By [I], thm. 13.3, the result is a modular form of weight | with some multiplier 
system for a modular group in SO (2, 2). 

Since the function 1 = g° has no principal part, there are no Heegner divisors and the 
positive cone C+ is the only Weyl-chamber. The only non-zero coefficient occurring is 
the constant c(0) = 1, and the Borcherds product takes the form 

v|/i(Z, 1) = e {{pf, Z)) J] (1 - e{mz^)) J] (1 " eimz^)) , 

m>0 m>0 
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since m, n must satisfy g(A) = mn = 0. 

With the usual identification ~ H x H, the Borcherds product ^ l{Z, 1) becomes 
a modular form of parallel weight {\,\) under the operation of SL2(Z) x SL2(Z). 

By comparing the corresponding product expansions, it is easily seen that 

up to, possibly, a constant factor of absolute value 1, since both functions transform 
with the same weight. It follows that the Weyl-vector term is equal to e(^(zi + Z2)) 
and the Weyl-vector is given by 

P/=i(C+) = ^(63 + 64). 

Remark. Through pull-back under the embedding M. ^ Ho from ([7]), from '^l{zi,Z2',1), 
we recover a Borcherds product for the lift S(r; 1) of f = 1 on U(l, 1), in the form 

H(r;l)=r7(r)-r7(-C). 

The contribution due to the constant 6^(0, 1) to the Weyl-vector Pm{W) of the non- 
holomorphic Poincare series is, simply, 

Po,m ■= cx(|m|) (eg + 64) = 6^(0, 1) ■ pi(C+). 

Hence, for the Weyl-vector attached to a Weyl chamber W is given by 

P(j|m|; W) = pmiW) - po,m- 

In particular, for W = PF(tj,tj+i), we obtain 

p{j\m\;W{ti,ti+i)) = -(^ ^ te3+ ^^4)' 

t\\m\ t\\m\ (17) 

t>ti+i 0<t<ti ^ ' 

p{3\m\\ W^(0, 1)) = -o-(|m|)e3, p{3\m\\ 00)) = -o{\m\)e^. 

Remark 9.1. Let f be a weakly holomorphic modular form from, f G A^Q(r), with 
Fourier expansion f = X]m>-oo ^('^)^'"- Then, f is a linear combination of jn (for 
n e Z>o, c{—n) ^ 0). The Weyl-chambers in T-Lq, and thus in H, attached to f can be 
written in the form 

W= f] Wm, (18) 

m<0 
c(m)^0 

cf- P- 88, with Wm Weyl-chambers of index m, as considered in the previous sections. 
Since f can be represented as a linear combination of either non-holomorphic Poincare 
series Fm or of the modular functions jn, the Weyl-vector for f is given by a sum of 
Weyl-vectors attached to these objects. In particular, with W decomposed as in (|T8l) . 

Pif;W)= J2 <'^)Pm{Wrn)= c(m)p (jh ; iy„,) + c(0)pi . 

m<0 m<0 
c(m)^0 c(m)^0 
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10 Heegner divisors for U(L) 



Let A G L be a lattice vector of negative norm, (A, A) = m G Z<o- The complement of 
A in the hermitian space ^(C) is a subspace of codimension one. Its image under the 
canonical projection defines a closed analytic subset of codimension one in JCu, 

H(A) ■.= {[z]e]Cv;{z,\) = 0} 

Since H ~ /Cu we can associate to H(A) a point t\ G H, defined by 

{z{tx), A) = 0, where, as usual, z{tx) = i' — Tx6{i',£)£. (19) 

The U(L)-orbit of t\ defines an invariant divisor on H, the preimage of a Heegner-divisor 
under the map H — )■ U(L)\E[. More generally, a Heegner-divisor on EI of index m is the 
U(L)-invariant divisor given by 



H(m)= J2 t^'^]- (20) 
Now let A = Xii + A2^'. From the definition f|T9|) of the Heegner-point tx we get 



Tx = { )) where e = —6{i,i'), 



A2e 

as in 02]) • Since e, Ai and A2 are contained in (a fractional ideal of) F, the point tx lies 
in F, considered as a subset of C. Its minimal equation is given by 

= T + TT{rx)r + N{Tx)T, 
whence = N(A2e)r2 + Tr (AiAaejr + N(Ai). (21) 

The discriminant of the latter equation is D = Tr(AiA2e)^ — 4N(Ai) N(A2). Since m = 
g(A), we have 

1 - 2 - 

m = (A, A) = - (AiA2e - A2eAi) = (AiA2e) . 

Hence, the discriminant D can be expressed in terms of m: 

D = Tr(AiA2e)^ - 4 (3?2(AiA2e) + '^^{XiX2e)) = -\6fm^ = m^Vf. 

Let q be the gcd of the coefficients in (12T|) . Then, the minimal equation for tx has 
discriminant D' = {m/qyVf and the CM-order of the Heegner-point tx, cf. [8] 
chapter 5, §1, can be written as a Z-module of the form 



D' + ^' \m\ 
— — Z = Z + — 
2 q 



Or^=Z + ^ — Z = Z + — Cf- 



Thus, Or^ has conductor \m\/q. 
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11 Borcherds Products 



The main result from [S] , [Z] is the construction of the Borcherds hft for unitary groups 
U(l, n). This hfting takes weakly holomorphic modular forms transforming under a Weil- 
representation of SL2(Z) to meromorphic automorphic forms on the symmetric domain 
of the unitary group. These automorphic forms have infinite product expansions as 
Borcherds products and take their singularities and poles along Heegner divisors. For 
U(l, 1), they are meromorphic elliptic modular forms with (possibly) a multiplier system 
of finite order. Further, in the present setting, the lattice L is unimodular. Hence, for 
the lift 'E{jn'iZ), the Borcherds product expansion from the main theorem of [7] takes 
the following form (cf. [7], Corollary 8.1): 

(A,Vl^)>0 

where, as usual, ~ is the Lorentzian Z-sublattice of L introduced in section H] and 
z = — rbi^V G 7r]"^(/Cu)- Finally, C is a constant of absolute value 1. The above 
product expansion depends explicitly on the choice of G L and on the way EI is 
reahzed as an affine model of the projective positive cone /Cu C P^(Vir)(C). Below, for 
theorem I ll.H we will rewrite the product without this dependence. 

First, however, we examine the Weyl-chamber conditions occurring in fl22|) . In contrast 
to the Weyl-chamber conditions considered in section [71 here, (A, PF) > is considered 
for all A G -fT with g(A) > and c (q'(A)) ^ 0. Write A in the form (/, /c) = /es + ke^. For 
r G H the image Z = (r, —() in = EI x H has imaginary part Y = {Qt, ||5|). Thus, 
the Weyl-chamber condition takes the form 

I A I 

(r. A) = fcSr + /y > 0, (VrGH). (23) 

Remark. The Weyl-chamber condition can also be defined as in /?/. The resulting 
inequality for 53r is the same, as is readily calculated with the expression for and 64 
from 

Now for jn, the attached Weyl-chambers have index m = —n and we write them in 
the form H^(tj,tj+i). By definition, for every r G iy(ti,ti+i), we have 

m < 9,. 

2 n 

Inserting this into f l23p . we get the following version of the Weyl-chamber condition for 
A = (/, k) and W = W{ti, ti+i). 

t^ 

I > -k^, (24) 
n 

which is, in particular, satisfied if / and k are both positive. 
We are now ready to formulate our main theorem: 
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Theorem 11.1. Let L be the even hermitian lattice O^^T)^^ with a hermitian form of 
signature (1, 1) and U(L) its group of isometries. Let jn G A^o(r) be the unique weakly 
holomorphic modular form with Fourier expansion + X]m>o '^('^)^'"- Then, there is 
a meromorphic function on the complex upper half-plane H, the Borcherds lift of 

in, with the following properties 

1. r.{jn) is a meromorphic modular form of weight /or U(L) with a multiplier system 
of (at most) finite order. 

2. The zeros and poles of "^{jn) lie along the Heegner divisor H(— n), as defined in 
sectionUT 



div(H(j„)) = ^H(-n) = i Yl N- 



2 

AeL 

(A,A)=-n 

3. For each Weyl chamber W , has an infinite product expansion, absolutely 

convergent off the set of poles in the half-plane \6\'^t > 2n. For W = W{ti,ti^i) , 
as in f|T^ . it takes the form 

S(r;j„,W^(t„t,+i)) =Ce(p2r-Cpi) J] (l - e(/r - A;C))'^^'^ 

i,kez 

nl>—ktj 

where C is a constant of absolute value one, and the components pi and p2 of the 
Weyl-vector are given by 

Pi = - p^ = - J2 T 

t\n t\n 
t>ti+i 0<t<ti 



Proof. Most of the claimed statements now foUow by the resuhs of f^. 

1. In particular, it follows from [7] theorem 8.1, that exists and is automorphic 
of weight for U(L). That its multiplier system has at most finite order is implied 
by Borcherds' result [2], which can be proved through an embedding trick. 

2. This also follows directly from theorem 8.1 in [7J. In the present setting, the 
Heegner divisor of index m = —n is given by a locally finite sum of orbits of 
Heegner-points tx, see (l20l) in section [TO] above. 

3. Consider the Borcherds product expansion from fl22|) . For p := p(/; W) = (pi,p2) 
and X = {k,l) ^ K we have 

so the arguments of the exponential function can be written in the claimed form. 
We have already rewritten the Weyl-chamber condition in the more explicit form 
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fl23|l and, further, for W = W(ti,ti+i) in the form flMl) . needed here. So, with 
the components of the Weyl-vector f lT7|) previously calculated, we get the claimed 
form of the Borcherds product expansion. It remains only to examine the issue of 
convergence: According to [7], theorem 8.1, the Borcherds product fl2^ converges 
absolutely for z in the complement of the set of poles and satisfying {z, z) > 
4\{i',i)\\mo\, where tuq = min{m G Z; c(m) 7^ 0}, i.e. |mo| = n for This 
precise condition, originally for the Borcherds lift to 0(2, p), is due to Bruinier, 
see ^ theorem 3.22. Hence, since for r G H, we have {z,z) = 2'^T\6\\{i' , 
the product converges absolutely if r is not a pole of E{t; jn,W) and satisfies 
IQt\5\ > n. 

□ 

Since the lifting is multiplicative, see [7] theorem 8.1, by writing a weakly holomorphic 
modular form / G A^g(r) as a linear combination of j„ plus its constant term, the 
following corollary is immediate. 

Corollary 11.1. Let f G A^o(r) be a weakly holomorphic modular form, with Fourier 
expansion f = X]m>-oo '^("^)^™- Then there is a meromorphic modular form of weight 
c(0)/2, the Borcherds lift transforming with a multiplier system of at most finite 

order under U(L), with the following properties 

1. The zeros and poles ofS^f) lie along a Heegner divisor, given by 

div(S(/)) = IY. cMH(m). 

m<0 
c(m)^0 



2. For each Weyl chamber W , has an infinite product expansion of the form 

S(r; /, W) = Ce [p.r - Cpi) H " " ''Of''^ ' 

k,iez 

2«3T+fe|5|>0 
VreVK 

where C is a constant of absolute value one, and (pi, P2) is the Weyl-vector attached 
to f ans W, given explicitly in remark l9A[ The product converges absolutely off 
the set of poles for Q^rl^l > 2|mo|, with = min{mo G Z; c(m) 7^ 0}. 

Proof. With / written as a linear combination / = J^m^z c(m)j\m\+c(0), the statements 

m<0 

concerning the product expansion and the divisor of follow from the theorem and 
its proof by multiplicativity. Also, by the general result [7j, theorem 8.1, the Borcherds 
lift transforms with weight c(0)/2. □ 

Acknowledegements: The results in the present paper are mostly generalizations of results 
from the last chapter of the author's thesis [6j, completed in 2011 at the TU Darmstadt 
under the supervision of J. Bruinier. 
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